This paper investigates the deformation of an acoustic pulse travelling in a slab of random medium when its width is large compared to the size of the random inhomogeneities of the medium. A limit theorem is shown that explains how the shape of the transmitted pulse can be obtained as a result of a deterministic gaussian convolution of the initial pulse.
INTRODUCTION
The main problem we are interested in is the following: how has been modi ed the shape of a pulse when it emerges from a slab of random medium. This analysis takes place in the general framework, based on the separation of scales, introduced by G.Papanicolaou and his co-authors ( see for example R.Burridge, G.Papanicolaou, P.Sheng and B.White (1989) 2] for the one-dimensional case and M.Asch, W.Kohler, G.Papanicolaou, M.Postel and B.White(1991) 1] for the three dimensional case); we consider here the problem of acoustic wave propagation in a one-dimensional random medium when the incident pulse wavelength is long compared to the correlation length of the random inhomogeneities but short compared to the size of the slab. The O'Doherty-Anstey theory predicts that when such a pulse travels in such a medium it retains its shape up to a low spreading; futhermore, the pulse shape is deterministic when observed from the point of view af an observer travelling at the same random speed as the wave whereas it is stochastic when the observer's speed is the mean speed of the wave. This has been proven in 1] (see also J-F. Clouet(1992) 3 ] for more details) in the case where the random uctuations are small. We do not make such an assumption but, as we are mainly concerned with the shape of the transmitted pulse, we suppose that the incident energy is small. Our main result consists in a complete description of the asymptotic law of the emerging pulse: we prove a limit theorem which shows that the pulse spreads in a deterministic way.
PROBLEM FORMULATION
We recall the main features of our model. We shall only present the mathematical framework because it has been fully described in 2] . We consider an acoustic wave travelling in a one-dimensional random medium located in the region 0 x L, satisfying the linear conservation laws:
( (x) @u @t (x; t) + @p @x (x; t) = 0
here u(x; t) and p(x; t) are respectively the speed and pressure of the wave, whereas (x) and 1 K(x) are the density and bulk modulus of the medium and admit the following representation:
(
0 and K 0 represent the slow varying deterministic parameters of the medium. ( x 2 ) and ( x 2 ) are the rapidly varying random coe cients describing the inhomogeneities. We shall use the acoustic impedance and the acoustic speed c which are the macroscopic functions de ned by:
It is relevant to make a change of variable and to introduce a right-going wave A and a left going wave B in order to work with an hyperbolic system of equations and to precise our boundary conditions. from (1), (2), we obtain the system of equations for A and B:
The slab of medium we are considering is located in the region 0 x L and at t = 0 an incident pulse is generated at the interface x = 0 between the random medium and the homogenous medium in the outside. According to previous works 2], 1] we choose a pulse which is broad compared to the size of the random inhomogeneities but short compared to the macroscopic variations of the medium. There is no wave entering the medium at
where f is a function with compact support and C 1 regularity. Note that the energy entering the medium is R f(t) 2 dt and so is small when is small. We need to perform another change of variable adapted to our problem so that (3) becomes centered. We are interested in the transmitted wave that is A(L; (L)) where (L) is the travel time in the macroscopic medium de ned by: 
The solution of (3),(4) takes place in an in nite-dimensional space because of the variable t. So we perform the Fourier transform:
In the frequency domain, with the change of variable (5), (3)(4) becomes:
where:
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The transmitted pulse admits the following integral representation:
As the problem (6) is linear we can replace (7) by:
and in that case the following representation holds for the transmitted pulse:
(â is now the solution of (6)(9)). We want to prove an asymptotic theorem for this quantity. Instead of working with (â (x; !);b (x; !)) we will use its propagator i.e. the matrix Y (x; !) de ned by: From:
so we get the conservation of energy relation:
which shows thatâ (L; !) is uniformly bounded.
SHAPE OF THE TRANSMITTED PULSE
Let us de ne the correlation coe cients of the noise by: This tells us that the pulse retains its shape during the travel in the randon medium but that there is a deterministic spreading due to the gaussian kernel and a random centering at Z L which do not a ect the shape. As usual, we srt show the tightness which is very easy because of the uniform boundness ofâ and the spectral representation (10) and then we identify the limiting distribution through all its moments by the use of a di usion approximation theorem. Lemma 
Theorem 3.3
Assume that:
i/ (q t ) t 0 is an ergodic markov process with state space S (S being a compact metric space for example).
ii/ P(t; h; q; x) and Q(t; h; q; x) are two smooth bounded functions from IRxI RxSxI R d to IR d , periodic in h with period T 0 independent of t; q and x.
iii/ IEP(t; h; q 0 ; x) = 0 where the expectation is taken with respect to the unique invariant probability measure of (q t ) t 0 . 
Where P and Q are two dxd complex matrices satisfying the hypothesis i/,ii/ and iii/ of the previous theorem.
We suppose that there exists complex matrices P k t ; 1 k n; n d 
then the law of (Z t ) converges to the law of the di usion process solution of the following stochastic di erential equation:
where B 1 ; : : : ; B n are n independent standard real brownian motions.
Proof :
Note rst that matrices P k t do not always exist ( consider for example d = 1; P(t; t ; q t The matrix P is the only one which creates a coupling between distinct frequencies. which is enough to conclude because we know already that the process is tight. The description of the shape of the transmitted pulse is now complete: there is a deterministic spreading due to the convolution by the gaussian function G L and a stochastic translation by a gaussian variable which does not a ect the shape. 
Remark 3.7
With the chosen normalization of the incident pulse, the only observable signal is the coherent transmission whose amplitude is of order one. Indeed if we observe the transmitted signal far from the mean arrival time of the pulse, i.e. if we look at:
A(L; (L) + t) = The rst term goes to zero with owing to the boundness ofâ(L; !) and the regularity of f and the second term goes to zero because of the convergence result previously proved.
